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We consider two-component fermions with a zero-range interaction both in two and three dimen-
sions and study their spectral functions of bulk and shear viscosities for an arbitrary scattering
length. Here the Kubo formulas are systematically evaluated up to the second order in the quantum
virial expansion applicable to the high-temperature regime. In particular, our computation of the
bulk viscosity spectral function is facilitated by expressing it with the contact–contact response
function, which can be measured experimentally under the periodic modulation of the scattering
length. The obtained formulas are fully consistent with the known constraints on high-frequency
tail and sum rule. Although our static shear viscosity agrees with that derived from the kinetic
theory, our static bulk viscosity disagrees. Furthermore, the latter for three dimensions exhibits an
unexpected non-analyticity of ζ ∼ (ln a2)/a2 in the unitarity limit a → ∞, which thus challenges
the “crossover” hypothesis.
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I. INTRODUCTION, SUMMARY, AND CONCLUSION
Transport coefficients provide valuable insights into strongly correlated systems complementary to thermodynamic
quantities. In particular, the shear viscosity has attracted significant interest across diverse subfields in physics [1, 2],
motivated by the universal lower bound on the shear viscosity to entropy density ratio [3]. Although the proposed
conjecture was eventually violated [4–7], the quest for perfect fluids in strongly correlated quantum systems keeps on
going.
Ultracold atoms offer ideal grounds to investigate strongly correlated quantum fluids because atomic interactions
are tunable via Feshbach resonances [8]. Here the shear viscosity was measured for a strongly correlated Fermi gas
of two components whose interaction saturates the unitarity bound [9, 10]. This measurement was later extended
to the BCS-BEC crossover and the shear viscosity was found to be lower on the BEC side [11]. On the other hand,
the bulk viscosity in the unitarity limit vanishes identically because of the conformal invariance [12], which was also
confirmed experimentally [13]. Furthermore, the bulk and shear viscosities were measured in the BCS-BEC crossover
for a two-dimensional Fermi gas [14].
The purpose of this paper is to present comprehensive analyses of viscosity spectral functions with full frequency
dependence throughout the BCS-BEC crossover both in two and three dimensions. We consider two-component
fermions with a zero-range interaction parametrized only by the scattering length and evaluate the Kubo formulas
systematically up to the second order in the quantum virial expansion, which is applicable to the high-temperature
regime where the fugacity diminishes as z ∼ n/T d/2 at a fixed density. To this end, the quantum virial expansion is
reviewed in Sec. II for thermodynamic quantities, which is then applied to the spectral functions of bulk and shear
viscosities in Secs. III and IV, respectively. In particular, our computation of the bulk viscosity spectral function is
facilitated by expressing it with the contact–contact response function, which allows us to derive its formula even at
O(z3) as shown in Appendix A. We set ~ = kB = 1 throughout this paper.
Because our analyses below appear to be involved, we first summarize our results and conclusions to guide readers
who may not be interested in the intermediate technical details. The spectral functions of bulk and shear viscosities
up to the second order in fugacity are presented in Eqs. (40) and (70), respectively, which are valid for an arbitrary
scattering length both in two and three dimensions. We confirm in Eqs. (41), (44) for bulk and in Eqs. (71), (74)
for shear that the obtained formulas are fully consistent with the known constraints on high-frequency tail and sum
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2rule [15–19], which involves the contact density presented in Eq. (22).
The static limit of the shear viscosity spectral function requires the resummation, which leads to the static shear
viscosity presented in Eq. (77) and agrees with that derived from the kinetic theory [20–23]. On the other hand,
the static limit of the bulk viscosity spectral function is presented in Eq. (47) and turns out to disagree with that
derived from the kinetic theory [24, 25]. Furthermore, our static bulk viscosity for three dimensions exhibits an
unexpected non-analyticity of ζ ∼ (ln a2)/a2 in the unitarity limit a → ∞, which thus challenges the “crossover”
hypothesis [26]. We also find that the static shear viscosity for three dimensions exhibits a weaker non-analyticity
starting with η ∼ (ln a2)/a6 in the same limit.
The origin of these discrepancies between the Kubo formalism and the kinetic theory for the bulk viscosity is
currently unknown and needs to be elucidated in a future study. To this end, it may be useful to investigate
higher order corrections to the bulk viscosity spectral function, which at the third order in fugacity is presented
in Eq. (A16). Also, as shown in Eqs. (32), (52), and (53), the bulk viscosity spectral function can be extracted
experimentally by measuring the contact, energy, or entropy density under the periodic modulation of the scattering
length. Therefore, ultracold atom experiments may be qualified to discriminate the two contradicting predictions
from the Kubo formalism and the kinetic theory.
II. PRELIMINARIES
A. Formulation
In this paper, we consider two-component fermions with a zero-range interaction in d spatial dimensions described
by
Hˆ = −
∑
σ=↑,↓
∫
dx ψˆ†σ(x)
∇2
2m
ψˆσ(x) +
∑
σ,τ
∫
dx ψˆ†σ(x)ψˆ
†
τ (x)
g
2
ψˆτ (x)ψˆσ(x), (1)
where the annihilation and creation operators obey the usual anti-commutation relation of {ψˆσ(x), ψˆ†τ (y)} = δστδ(x−
y). Before we work on the quantum virial expansion for viscosity spectral functions, let us warm up by reviewing
that for the partition function.
The quantum virial expansion is a systematic expansion in terms of fugacity, which utilizes a simple fact that the
grand canonical trace can be written as a sum of canonical traces [27]. In particular, the partition function reads
Z = Tr[e−β(Hˆ−µNˆ)] =
∞∑
N=0
zN trN [e
−βHˆ ]︸ ︷︷ ︸
ZN
, (2)
where z ≡ eβµ is the fugacity and obviously Z0 = 1. It is convenient to choose the complete set of N -body states to
be momentum eigenstates,
|σ1p1, . . . , σNpN 〉 = 1√
N !
N∏
n=1
ψˆ†σnpn |0〉, (3)
where ψˆ†σp ≡ L−d/2
∫
dx eip·x ψˆ†σ(x) is the Fourier transform of the creation operator in a periodic box of volume L
d.
The canonical trace in the N -body sector is then provided by
trN [Oˆ] =
∑
{σ}
∑
{p}
〈σ1p1, . . . , σNpN |Oˆ|σ1p1, . . . , σNpN 〉. (4)
Also, with the use of the identity operator,
1N =
∑
{σ}
∑
{p}
|σ1p1, . . . , σNpN 〉〈σ1p1, . . . , σNpN |, (5)
the Hamiltonian (1) can be decomposed into distinct particle number sectors according to
Hˆ =
∞∑
N=0
1N Hˆ1N︸ ︷︷ ︸
HˆN
. (6)
3The one-body sector is trivial because the Hamiltonian is
Hˆ1 =
∑
σ
∑
p
|σp〉 p
2
2m
〈σp| (7)
and does not involve the interaction. Consequently, the partition function at O(z) is simply provided by
Z1 = tr1[e
−βHˆ1 ] = 2
∑
p
e−β
p2
2m . (8)
On the other hand, the Hamiltonian in the two-body sector is
Hˆ2 =
∑
σ,τ
∑
p,q
|σp, τq〉p
2 + q2
2m
〈σp, τq|︸ ︷︷ ︸
Tˆ2
+
∑
σ,τ
∑
p,q
∑
p′,q′
|σp, τq〉δp+q,p′+q′ g
Ld
〈σp′, τq′|︸ ︷︷ ︸
Vˆ2
. (9)
In order to evaluate the corresponding Boltzmann operator, we write the Hamiltonian as a sum of kinetic and potential
energy operators and utilize the identity of
e−βHˆ2 =
∫ ∞
−∞
dE
pi
e−βE Im
[
1
E − Hˆ2 − i0+
]
(10)
=
∫ ∞
−∞
dE
pi
e−βE Im
[
1
E − Tˆ2 − i0+
+
∞∑
n=0
1
E − Tˆ2 − i0+
Vˆ2
(
1
E − Tˆ2 − i0+
Vˆ2
)n
1
E − Tˆ2 − i0+
]
. (11)
Because the summation over n can be performed according to
∞∑
n=0
Vˆ2
(
1
E − Tˆ2 − i0+
Vˆ2
)n
=
∞∑
n=0
∑
σ,τ
∑
p,q
∑
p′,q′
|σp, τq〉δp+q,p′+q′ g
Ld
(∑
k
1
E − (p+q)24m − k
2
m − i0+
g
Ld
)n
〈σp′, τq′|
(12)
=
1
Ld
∑
σ,τ
∑
p,q
∑
p′,q′
|σp, τq〉δp+q,p′+q′ 11
g − 1Ld
∑
k
1
E− (p+q)24m −k
2
m −i0+
〈σp′, τq′|, (13)
the Boltzmann operator is found to be
e−βHˆ2 = e−βHˆ2
∣∣
free
+ e−βHˆ2
∣∣
int
, (14a)
with its free and interacting parts provided by
e−βHˆ2
∣∣
free
=
∑
σ,τ
∑
p,q
|σp, τq〉e−β p
2+q2
2m 〈σp, τq| (14b)
and
e−βHˆ2
∣∣
int
=
1
Ld
∑
σ,τ
∑
p,q
∑
p′,q′
|σp, τq〉e−β (p+q)
2
4m δp+q,p′+q′
×
∫ ∞
−∞
dε
pi
e−βε Im
[
T2(ε− i0+)
(ε− (p−q)24m − i0+)(ε− (p
′−q′)2
4m − i0+)
]
〈σp′, τq′|, (14c)
respectively. Here the integration variable is changed to ε = E − (p+ q)2/4m and
T2(ε− i0+) ≡ 11
g − 1Ld
∑
k
1
ε−k2m −i0+
(15)
4is the two-body scattering T -matrix in the center-of-mass frame. We note that Eq. (14) is valid for any complex β
and the interacting part (14c) vanishes when σ = τ for fermions. Consequently, the partition function at O(z2) is
provided by
Z2 = tr2[e
−βHˆ2 ] = 2
∑
p,q
e−β
p2+q2
2m
︸ ︷︷ ︸
Z21/2
−
∑
p,q
e−β
p2+q2
2m δpq +
1
Ld
∑
K,k
e−β
K2
4m
∫ ∞
−∞
dε
pi
e−βε Im
[
T2(ε− i0+)
(ε− k2m − i0+)2
]
, (16)
where K = p+ q and k = (p− q)/2 are the center-of-mass and relative momenta, respectively.
B. Thermodynamics
From the above quantum virial expansion for the partition function, we obtain that for the pressure according to
p
T
=
lnZ
Ld
=
1
Ld
[
zZ1 + z
2Z2 − z2Z
2
1
2
+O(z3)
]
(17)
=
2z
Ld
∑
p
e−β
p2
2m − z
2
Ld
∑
p
e−β
p2
m +
z2
L2d
∑
K,k
e−β
K2
4m
∫ ∞
−∞
dε
pi
e−βε Im
[
T2(ε− i0+)
(ε− k2m − i0+)2
]
+O(z3). (18)
Finally, by taking the thermodynamic limit, L−d
∑
p →
∫
dp/(2pi)d, and performing the resulting momentum inte-
grations, we find
p
T
=
2z
λdT
− z
2
2d/2λdT
+
2d/2z2
2Ωd−1λdT
∫ ∞
−∞
dε
pi
e−ε/T Im
[
m2T2(ε− i0+)
(−mε+ i0+)2−d/2
]
+O(z3), (19)
where λT ≡
√
2pi/mT is the thermal de Broglie wavelength and Ωd−1 ≡ (4pi)d/2/2Γ(2 − d/2) = 2, 2pi, 4pi coincides
with the surface area of the unit (d − 1)-sphere for d = 1, 2, 3. Similarly, the two-body scattering T -matrix in the
same limit is found to be
T2(ε− i0+) = Ωd−1
m
d− 2
a2−d − (−mε+ i0+)d/2−1 , (20)
where a is the scattering length introduced via
1
g
=
ma2−d
(d− 2)Ωd−1 (21)
in the dimensional regularization [28].
The partial derivative of the pressure with respect to the scattering length then leads to the so-called contact
density [29–31],
C = −Ωd−1mad−1 ∂p
∂a
=
2d/2z2
λdT
∫ ∞
−∞
dε
pi
e−ε/T Im[m2T2(ε− i0+)] +O(z3), (22)
where the integration by parts following
ad−1
∂T2(ε− i0+)
∂a
= −2(−mε+ i0
+)2−d/2
m
∂T2(ε− i0+)
∂ε
(23)
is utilized. Because the imaginary part of the two-body scattering T -matrix is provided by
Im[T2(ε− i0+)] = θ(a) 2Ωd−1
m2a4−d
piδ(ε+ 1ma2 ) + θ(ε)×

2pi
m
2pi
ln2(ma2ε) + pi2
(d = 2),
4pi
m
√
mε
mε+ 1a2
(d = 3),
(24)
the contact density for d = 3 has the analytic expression of [32, 33]
C = 16piz
2
λ4T
[
1 +
√
pi
1 + erf(a˜−1)
a˜
exp(a˜−2)
]
a˜=
√
2pia/λT
+O(z3). (25)
In particular, it is smooth even in the unitarity limit at λT /a = 0 so as to be consistent with the “crossover”
hypothesis [26].
5III. BULK VISCOSITY
A. Formulation
We now turn to the quantum virial expansion for viscosity spectral functions. In terms of the stress–stress response
function,
χij,kl(ω) =
i
ZLd
∫ ∞
0
dt ei(ω+i0
+)t Tr[[Πˆij(t), Πˆkl(0)]e
−β(Hˆ−µNˆ)], (26)
the spectral functions of bulk and shear viscosities are defined according to [15]
Im[χij,kl(ω)]
ω
=
[
ζ(ω)− 2
d
η(ω)
]
δijδkl + η(ω) (δikδjl + δilδjk) . (27)
Here Πˆij(t) = e
iHˆtΠˆije
−iHˆt is the stress tensor operator in the Heisenberg picture and its trace is directly related to
the bulk viscosity spectral function via
ζ(ω) =
1
d2
d∑
i,j=1
Im[χii,jj(ω)]
ω
. (28)
For two-component fermions described by the Hamiltonian (1), the stress tensor operator assuming the dimensional
regularization is provided by [18, 28]
Πˆij = −
∑
σ=↑,↓
∫
dx ψˆ†σ(x)
∂i∂j
m
ψˆσ(x) +
∑
σ,τ
∫
dx ψˆ†σ(x)ψˆ
†
τ (x)
g
2
δij ψˆτ (x)ψˆσ(x). (29)
Its trace is then simplified into
d∑
i=1
Πˆii = 2Hˆ +
Cˆ
Ωd−1mad−2
, (30)
where the last term quantifies the conformal symmetry breaking with
Cˆ =
∑
σ,τ
∫
dx ψˆ†σ(x)ψˆ
†
τ (x)
(mg)2
2
ψˆτ (x)ψˆσ(x) (31)
being the contact operator [34–36]. Because the commutator of the Hamiltonian with any operator in the grand
canonical average vanishes, the bulk viscosity spectral function turns into the favorite form of
ζ(ω) =
1
(dΩd−1mad−2)2
Im[χCC(ω)]
ω
, (32)
where
χCC(ω) =
i
ZLd
∫ ∞
0
dt ei(ω+i0
+)t Tr[[Cˆ(t), Cˆ(0)]e−β(Hˆ−µNˆ)] (33)
is the contact–contact response function [28, 37].
The quantum virial expansion for the bulk viscosity spectral function is thus to evaluate
χCC(ω) =
∞∑
N=0
zN
Z
i
Ld
∫ ∞
0
dt ei(ω+i0
+)t trN [e
−βHˆ+iHˆtCˆe−iHˆtCˆ − e−βHˆ−iHˆtCˆeiHˆtCˆ]︸ ︷︷ ︸
χ
(N)
CC (ω)
. (34)
Here the contact operator (31) can be decomposed into distinct particle number sectors according to
Cˆ =
∞∑
N=0
1N Cˆ1N︸ ︷︷ ︸
CˆN
, (35)
6where nontrivial matrix elements first appear from the two-body sector in the form of
Cˆ2 =
∑
σ,τ
∑
p,q
∑
p′,q′
|σp, τq〉δp+q,p′+q′ (mg)
2
Ld
〈σp′, τq′|. (36)
On the other hand, the time evolution operator such as e−iHˆ2t is obtained from Eq. (14) with the simple replacement
of β → it. Because the bare coupling constant vanishes as mg → −2pi/ ln Λ for d = 2 and as mg → −2pi2/Λ for
d = 3 in the cutoff regularization with |k| < Λ, the free part of the time evolution operator e−iHˆ2t|free has vanishing
contributions in the limit of Λ→∞ when sandwiched by the contact operators. Therefore, only the interacting part
of the time evolution operator e−iHˆ2t|int has non-vanishing contributions to the contact–contact response function.
By utilizing the identity of
g
Ld
∑
k
1
ε− k2m − i0+
= 1− gT2(ε− i0+) →Λ→∞ 1 (d ≥ 2), (37)
we obtain
tr2[e
−βHˆ2+iHˆ2tCˆ2e−iHˆ2tCˆ2] =
∑
K
e−β
K2
4m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε+iεt−iε
′t Im[m2T2(ε− i0+)] Im[m2T2(ε′ − i0+)]. (38)
Consequently, the contact–contact response function at O(z2) is found to be
χ
(2)
CC(ω) = −
1
Ld
∑
K
e−β
K2
4m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε − e−βε′
ε− ε′ + ω + i0+ Im[m
2T2(ε− i0+)] Im[m2T2(ε′ − i0+)], (39)
from which the bulk viscosity spectral function in the thermodynamic limit reads
ζ(ω) =
2d/2z2
(dΩd−1ad−2)2λdT
1− e−ω/T
ω
∫ ∞
−∞
dε
pi
e−ε/T Im[mT2(ε− i0+)] Im[mT2(ε+ ω − i0+)] +O(z3). (40)
The higher order correction at O(z3) is presented in Eq. (A16).
B. Evaluation
Our concise formula for the bulk viscosity spectral function is even under ω → −ω and has the high-frequency tail
of
lim
ω→∞ ζ(ω) =
C
(dΩd−1ad−2)2
×

4pi2
|mω| ln2 |ma2ω| (d = 2),
4pi
|mω|3/2 (d = 3),
(41)
where C is the contact density from Eq. (22). This asymptotic form agrees with Refs. [17, 18] for d = 3 and with
Ref. [17] for d = 2.1 Also, the integration over ω leads to∫ ∞
−∞
dω
pi
ζ(ω) =
21+d/2z2
(dΩd−1ad−2)2λdT
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dω
pi
P
ω − ε e
−ε/T Im[mT2(ε− i0+)] Im[mT2(ω − i0+)] +O(z3). (42)
With the use of the Kramers–Kronig relation followed by the identity of
2 Im[mT2(ε− i0+)] Re[mT2(ε− i0+)] = Ωd−1ad−1 ∂
∂a
Im[mT2(ε− i0+)], (43)
1 Although Eq. (62) of Ref. [17] presents a different result for d = 2, the substitution of Eqs. (45), (47) into Eqs. (57), (58) in Ref. [17]
indeed leads to the same result as our Eq. (41).
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FIG. 1. Static and dynamic bulk viscosities from Eq. (45) as functions of λT /a in the forms of λ
2
T ζ(ω)/z
2 for d = 2 (left
panel) and of λT a
2ζ(ω)/z2 for d = 3 (right panel) with the frequencies chosen at ω/T = 0+, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1.
we obtain ∫ ∞
−∞
dω
pi
ζ(ω) = − a
3−d
d2Ωd−1m
∂C
∂a
, (44)
which is consistent with the sum rule derived in Ref. [15] for d = 3 and in Ref. [19] for d = 2. We note that the partial
derivative with respect to the scattering length at fixed entropy and particle number is equivalent to that at fixed T
and µ to the lowest order in fugacity.
After confirming our formula (40) in light of the known constraints, we are ready to evaluate it more closely. The
substitution of Eq. (24) into Eq. (40) leads to
d2λdT
2d/2z2
ζ(ω) =
1− e−|ω|/T
|ω| e
1/ma2T 2
ma2
[
2
ma2
piδ(ω) + ρ2(|ω| − 1ma2 ) θ(|ω| − 1ma2 )
]
θ(a)
+
1− e−|ω|/T
|ω|
∫ ∞
0
dε
pi
e−ε/T ρ2(ε)ρ2(ε+ |ω|) +O(z), (45)
where the imaginary part of the two-body scattering T -matrix is normalized according to
ρ2(ε) ≡ Im[mT2(ε− i0
+)]
Ωd−1ad−2
∣∣∣∣
ε>0
=

2pi
ln2(ma2ε) + pi2
(d = 2),
sgn(a)
√
ma2ε
ma2ε+ 1
(d = 3).
(46)
The three terms in Eq. (45) correspond to bound–bound, bound–continuum, and continuum–continuum transitions,
which contribute to the bulk viscosity spectral function at ω = 0, |ω| > 1/ma2, and ∀ω, respectively. Therefore, the
first two terms contribute only when the two-body bound state exists, a > 0, which is alway the case for d = 2. The
resulting dynamic bulk viscosity is plotted in Fig. 1 as well as its static limit, ζ ≡ limω→0+ ζ(ω), which excluding the
singular term of δ(ω)θ(a) is provided by
λdT ζ =

z2
2
∫ ∞
0
dε˜
pi
e−ε˜
[
2pi
ln2(a˜2ε˜) + pi2
]2
+O(z3) (d = 2),
2
√
2z2
9pi
−1 + (1 + a˜−2) exp(a˜−2)Γ(0, a˜−2)
a˜2
+O(z3) (d = 3).
(47)
Here the integration variable is changed to ε˜ = ε/T and the dimensionless scattering length is introduced via a˜ ≡√
mTa =
√
2pia/λT .
The static bulk viscosity for d = 2 is a smooth function of λT /a > 0 and has the asymptotic forms of
lim
a→0,∞
λ2T ζ =
2piz2
ln4(e−γ a˜2)
+O(z2 ln−6 a˜2, z3). (48)
8On the other hand, the static bulk viscosity for d = 3 has the asymptotic forms of
lim
a→0
λ3T ζ =
2
√
2z2
9pi
a˜2 +O(z2a˜4, z3) (49)
and
lim
a→∞λ
3
T ζ =
2
√
2z2
9pi
ln(e−1−γ a˜2)
a˜2
+O(z2a˜−4, z3), (50)
which turns out to exhibit the non-analyticity in the unitarity limit as shown in the right panel of Fig. 1. Our results
disagree with the static bulk viscosity derived from the kinetic theory, where reported are lima→∞ λ3T ζ = z
2/(12
√
2a˜2)
for d = 3 [24] and lima→∞ λ2T ζ = z
2/(2pi ln4 a˜2) for d = 2 [25]. The origin of these discrepancies is currently unknown.
We also note that the dynamic bulk viscosity for d = 3 toward the unitarity limit is provided by
lim
a→∞λ
3
T ζ(ω) =
2
√
2z2
9pia˜2
2T
ω
sinh
( ω
2T
)
K0
( ω
2T
)
+O(z2a˜−3, z3), (51)
so that the limits of ω → 0 and a→∞ do not commute mutually.
The bulk viscosity spectral function can be measured experimentally via the contact–contact response function (33).
When the scattering length is periodically modulated as a(t) = a+δa sin(ωt), the linear response theory predicts that
the contact density responds according to [28]
C(t)− Ceq[a(t)] = Im[χCC(ω)]
Ωd−1mad−1
δa cos(ωt)− Re[χCC(ω)]− χCC(0)
Ωd−1mad−1
δa sin(ωt) +O(δa2), (52)
where Ceq[a] ≡ Tr[Cˆe−β(Hˆ−µNˆ)]/(ZLd) is the contact density in thermodynamic equilibrium for the scattering length
a and χCC(−ω) = χ∗CC(ω) is utilized. Then, the thermodynamic identity together with the adiabatic and dynamic
sweep theorems [29–31] leads to the energy and entropy densities at the production rates of [28]
T S˙(t) = E˙(t)− Ceq[a(t)]
Ωd−1mad−1(t)
a˙(t) =
C(t)− Ceq[a(t)]
Ωd−1mad−1(t)
a˙(t). (53)
Therefore, by measuring the contact, energy, or entropy density under the periodic modulation of the scattering
length, it is possible in principle to extract the contact–contact response function and thus the bulk viscosity spectral
function via Eq. (32).
IV. SHEAR VISCOSITY
A. Formulation
The shear viscosity spectral function in Eq. (27) is related to the off-diagonal element of the stress tensor operator
via
η(ω) =
Im[χxy,xy(ω)]
ω
, (54)
where the stress–stress response function has the quantum virial expansion of
χxy,xy(ω) =
∞∑
N=0
zN
Z
i
Ld
∫ ∞
0
dt ei(ω+i0
+)t trN [e
−βHˆ+iHˆtΠˆxye−iHˆtΠˆxy − e−βHˆ−iHˆtΠˆxyeiHˆtΠˆxy]︸ ︷︷ ︸
χ
(N)
xy,xy(ω)
. (55)
The off-diagonal element of the stress tensor operator (29) then reads
Πˆxy = −
∑
σ
∫
dx ψˆ†σ(x)
∂x∂y
m
ψˆσ(x) =
∞∑
N=0
1N Πˆxy1N︸ ︷︷ ︸
Πˆ
(N)
xy
(56)
9and its decomposition into one-body and two-body sectors is
Πˆ(1)xy =
∑
σ
∑
p
|σp〉pxpy
m
〈σp| (57)
and
Πˆ(2)xy =
∑
σ,τ
∑
p,q
|σp, τq〉pxpy + qxqy
m
〈σp, τq|, (58)
respectively.
The stress–stress response function at O(z) is simply provided by
χ(1)xy,xy(ω) = −
1
Ld
∑
σ,σ′
∑
p,p′
e−β
p2
2m − e−β p
′2
2m
p2
2m − p
′2
2m + ω + i0
+
〈σp|Πˆ(1)xy |σ′p′〉〈σ′p′|Πˆ(1)xy |σp〉 (59)
and its contribution to the shear viscosity spectral function is thus
η1(ω) =
Im[χ
(1)
xy,xy(ω)]
ω
=
2β
Ld
piδ(ω)
∑
p
e−β
p2
2m
(pxpy
m
)2
. (60)
It is also straightforward to evaluate the stress–stress response function at O(z2),
χ(2)xy,xy(ω) = χ
(2)
xy,xy(ω)
∣∣
free
+ χ(2)xy,xy(ω)
∣∣
int
, (61)
with the use of the time evolution operator such as e−iHˆ2t obtained from Eq. (14). The free part with only e−iHˆ2t|free
involved is simply provided by
χ(2)xy,xy(ω)
∣∣
free
= − 1
Ld
∑
σ,τ
∑
p,q
∑
σ′,τ ′
∑
p′,q′
e−β
p2+q2
2m − e−β p
′2+q′2
2m
p2+q2
2m − p
′2+q′2
2m + ω + i0
+
〈σp, τq|Πˆ(2)xy |σ′p′, τ ′q′〉〈σ′p′, τ ′q′|Πˆ(2)xy |σp, τq〉. (62)
Its contribution to the shear viscosity spectral function is thus
η2(ω)
∣∣
free
=
Im[χ
(2)
xy,xy(ω)|free]
ω
=
4β
Ld
piδ(ω)
∑
p,q
e−β
p2+q2
2m
(pxpy
m
)2
︸ ︷︷ ︸
Z1η1(ω)
− β
Ld
piδ(ω)
∑
p
e−β
p2
m
(
2pxpy
m
)2
. (63)
On the other hand, the interacting part with at least one e−iHˆ2t|int involved is found to be
χ(2)xy,xy(ω)
∣∣
int
= − 1
L2d
∑
p,q
e−β
(p+q)2
4m
(
pxpy + qxqy
m
)2 ∫ ∞
−∞
dε
pi
e−β
(p−q)2
4m − e−βε
(p−q)2
4m − ε+ ω + i0+
Im
[
T2(ε− i0+)
(ε− (p−q)24m − i0+)2
]
− 1
L2d
∑
p,q
e−β
(p+q)2
4m
(
pxpy + qxqy
m
)2 ∫ ∞
−∞
dε
pi
e−βε − e−β (p−q)
2
4m
ε− (p−q)24m + ω + i0+
Im
[
T2(ε− i0+)
(ε− (p−q)24m − i0+)2
]
− 1
L3d
∑
p,q
∑
p′,q′
e−β
(p+q)2
4m δp+q,p′+q′
pxpy + qxqy
m
p′xp
′
y + q
′
xq
′
y
m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε − e−βε′
ε− ε′ + ω + i0+
× Im
[
T2(ε− i0+)
(ε− (p−q)24m − i0+)(ε− (p
′−q′)2
4m − i0+)
]
Im
[
T2(ε′ − i0+)
(ε′ − (p′−q′)24m − i0+)(ε′ − (p−q)
2
4m − i0+)
]
. (64)
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Its contribution to the shear viscosity spectral function is thus
η2(ω)
∣∣
int
=
Im[χ
(2)
xy,xy(ω)|int]
ω
(65)
=
1
L2d
∑
K,k
e−β
K2
4m−β k
2
m
[(
KxKy
2m
)2
+
(
2kxky
m
)2]
1− e−βω
ω
Im
[
T2(k2m + ω − i0+)
(ω − i0+)2
]
+
1
L2d
∑
K,k
e−β
K2
4m−β k
2
m
[(
KxKy
2m
)2
+
(
2kxky
m
)2]
eβω − 1
ω
Im
[
T2(k2m − ω − i0+)
(−ω − i0+)2
]
+
1
L3d
∑
K
∑
k,k′
e−β
K2
4m
(
KxKy
2m
)2
1− e−βω
ω
∫ ∞
−∞
dε
pi
e−βε
× Im
[
T2(ε− i0+)
(ε− k2m − i0+)(ε− k
′2
m − i0+)
]
Im
[
T2(ε+ ω − i0+)
(ε+ ω − k′2m − i0+)(ε+ ω − k
2
m − i0+)
]
, (66)
where K = p + q and k(′) = (p(′) − q(′))/2 are the center-of-mass and relative momenta, respectively, and the
first two terms correspond to the self-energy and Maki–Thompson diagrams and the last term corresponds to the
Aslamazov–Larkin diagram. The last term can be further simplified by utilizing the identity of
1
L2d
∑
k,k′
Im
[
T2(ε− i0+)
(ε− k2m − i0+)(ε− k
′2
m − i0+)
]
Im
[
T2(ε+ ω − i0+)
(ε+ ω − k′2m − i0+)(ε+ ω − k
2
m − i0+)
]
= − 1
Ld
∑
k
piδ(ε− k2m ) Im
[T2(ε+ ω − i0+)
(ω − i0+)2
]
− 1
Ld
∑
k
piδ(ε+ ω − k2m ) Im
[ T2(ε− i0+)
(−ω − i0+)2
]
+
1
Ld
∑
k
piδ(ω) Im
[
T2(ε− i0+)
(ε− k2m − i0+)2
]
, (67)
so that we obtain
η2(ω)
∣∣
int
=
1
L2d
∑
K,k
e−β
K2
4m−β k
2
m
(
2kxky
m
)2
1− e−βω
ω
Im
[
T2(k2m + ω − i0+)
(ω − i0+)2
]
+
1
L2d
∑
K,k
e−β
K2
4m−β k
2
m
(
2kxky
m
)2
eβω − 1
ω
Im
[
T2(k2m − ω − i0+)
(−ω − i0+)2
]
+
β
L2d
∑
K,k
e−β
K2
4m
(
KxKy
2m
)2
piδ(ω)
∫ ∞
−∞
dε
pi
e−βε Im
[
T2(ε− i0+)
(ε− k2m − i0+)2
]
. (68)
Finally, by combining Eqs. (60), (63), and (68), taking the thermodynamic limit, and performing the resulting
momentum integrations, we find that the shear viscosity spectral function is provided by
η(ω) =
z
Z
η1(ω) +
z2
Z
[
η2(ω)
∣∣
free
+ η2(ω)
∣∣
int
]
+O(z3) (69)
= p piδ(ω) +
z2
λdT
(m/2pi)d/2
Γ(2 + d/2)
1− e−ω/T
ω
∫ ∞
0
dε e−ε/T ε1+d/2 Im
[T2(ε+ ω − i0+)
(ω − i0+)2
]
+
z2
λdT
(m/2pi)d/2
Γ(2 + d/2)
eω/T − 1
ω
∫ ∞
0
dε e−ε/T ε1+d/2 Im
[T2(ε− ω − i0+)
(−ω − i0+)2
]
+O(z3), (70)
where p in the first term is the pressure from Eq. (19) and the integration variable is changed to ε = k2/m.
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B. Evaluation
Our concise formula for the shear viscosity spectral function is even under ω → −ω and has the high-frequency tail
of
lim
ω→∞ η(ω) =
pi C
(4pi)d/2Γ(2 + d/2)|mω|2−d/2 , (71)
where C is the contact density from Eq. (22). This asymptotic form agrees with Refs. [16–18] for d = 3 and with
Ref. [17] for d = 2. Also, the integration over ω leads to∫ ∞
−∞
dω
pi
η(ω) = p− 2z
2
λdT
(m/2pi)d/2
Γ(2 + d/2)
∫ ∞
0
dε
∫ ∞
−∞
dω
pi
e−ω/T ε1+d/2 Im
[ T2(ω − i0+)
(ω − ε− i0+)3
]
+O(z3). (72)
By performing the integration over ε with the divergent piece transposed to the left hand side and utilizing the identity
of
Im[(−mω + i0+)d/2−1T2(ε− i0+)] = a2−d Im[T2(ε− i0+)], (73)
we obtain ∫ ∞
−∞
dω
pi
[
η(ω)− pi C
(4pi)d/2Γ(2 + d/2)|mω|2−d/2
]
= p− C
(d− 2)Ωd−1mad−2 (d > 2), (74)
which for d = 3 is consistent with the sum rule derived in Ref. [15] up to the factors in front of C and in Refs. [16, 17].
After confirming our formula (70) in light of the known constraints, we are ready to evaluate its static limit, ω → 0,
where Eq. (70) is formally ill-defined and thus requires the resummation. To this end, we write piδ(ω) = Im(ω−i0+)−1
in the first term and regard the remainder as corrections in a geometric series [16, 38]. Consequently, the shear viscosity
spectral function is brought into the Drude form of
η(ω) = Im
[
p
ω − i0+ −M(ω)
]
, (75)
where the memory function is found to be
M(ω) = z
2
pλdT
(m/2pi)d/2
Γ(2 + d/2)
1− e−ω/T
ω
∫ ∞
0
dε e−ε/T ε1+d/2T2(ε+ ω − i0+)
− z
2
pλdT
(m/2pi)d/2
Γ(2 + d/2)
eω/T − 1
ω
∫ ∞
0
dε e−ε/T ε1+d/2T2(ε− ω + i0+) +O(z2). (76)
Because of Re[M(0)] = 0, the static limit is now provided by η ≡ limω→0 η(ω) = p/ Im[M(0)] and the substitution of
Eqs. (19) and (24) therein leads to
1
λdT η
=

pi
2
∫ ∞
0
dε˜ e−ε˜
ε˜2
ln2(a˜2ε˜) + pi2
+O(z) (d = 2),
4
√
2
15pi
∫ ∞
0
dε˜ e−ε˜
ε˜3
ε˜+ 1a˜2
+O(z) (d = 3).
(77)
Here the integration variable is changed to ε˜ = ε/T and the dimensionless scattering length is introduced via a˜ ≡√
mTa =
√
2pia/λT . Our results agree with the static shear viscosity derived from the kinetic theory both for
d = 3 [20, 21] and for d = 2 [22, 23]. Although it is a smooth function of λT /a > 0 for d = 2, we find that the static
shear viscosity for d = 3 exhibits the weak non-analyticity starting with λ3T η ∼ (ln a˜2)/a˜6 in the unitarity limit.
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Appendix A: Bulk viscosity formula at O(z3)
Let us derive the formula for the contact–contact response function at O(z3), which is to evaluate
χ
(3)
CC(ω) =
i
Ld
∫ ∞
0
dt ei(ω+i0
+)t tr3[e
−βHˆ+iHˆtCˆe−iHˆtCˆ − e−βHˆ−iHˆtCˆeiHˆtCˆ]. (A1)
The three-body sector is spanned by |σ1p1, σ2p2, σ3p3〉, which is further decomposed into four subsectors where
{σ1, σ2, σ3} = {↑, ↑, ↑}, {↑, ↑, ↓}, {↑, ↓, ↓}, {↓, ↓, ↓}. The first and last subsectors do not involve the interaction and
thus do not contribute to the contact–contact response function. Because the second and third subsectors contribute
identically, it is sufficient to consider only the second subsector. By introducing the abbreviated notation,
|p1,p2; q〉 ≡
√
3 | ↑ p1, ↑ p2, ↓ q〉 = 1√
2
ψˆ†↑p1 ψˆ
†
↑p2 ψˆ
†
↓q|0〉, (A2)
and utilizing the identity operator,
1 ↑↑↓ =
∑
p1,p2,q
|p1,p2; q〉〈p1,p2; q|, (A3)
the projection of the Hamiltonian (1) and the contact operator (31) onto this subsector leads to
Hˆ↑↑↓ ≡ 1 ↑↑↓Hˆ1 ↑↑↓ (A4)
=
∑
p1,p2,q
|p1,p2; q〉p
2
1 + p
2
2 + q
2
2m
〈p1,p2; q|︸ ︷︷ ︸
Tˆ↑↑↓
+
∑
p1,p2,q
∑
p′1,p
′
2;q
′
|p1,p2; q〉2δp1,p′1δp2+q,p′2+q′
g
Ld
〈p′1,p′2; q′|︸ ︷︷ ︸
Vˆ↑↑↓
(A5)
and
Cˆ↑↑↓ ≡ 1 ↑↑↓Cˆ1 ↑↑↓ =
∑
p1,p2,q
∑
p′1,p
′
2;q
′
|p1,p2; q〉2δp1,p′1δp2+q,p′2+q′
(mg)2
Ld
〈p′1,p′2; q′|. (A6)
In order to evaluate the corresponding Boltzmann operator, we write the Hamiltonian as a sum of kinetic and
potential energy operators and utilize the identity of
e−βHˆ↑↑↓ =
∫ ∞
−∞
dE
pi
e−βE Im
[
1
E − Hˆ↑↑↓ − i0+
]
(A7)
=
∫ ∞
−∞
dE
pi
e−βE Im
[
1
E − Tˆ↑↑↓ − i0+
+
∞∑
n=0
1
E − Tˆ↑↑↓ − i0+
Vˆ↑↑↓
(
1
E − Tˆ↑↑↓ − i0+
Vˆ↑↑↓
)n
1
E − Tˆ↑↑↓ − i0+
]
.
(A8)
Because the summation over n can be performed according to
∞∑
n=0
Vˆ↑↑↓
(
1
E − Tˆ↑↑↓ − i0+
Vˆ↑↑↓
)n
=
1
Ld
∑
p1,p2,q
∑
p′1,p
′
2,q
′
|p1,p2; q〉2δp1p′1δp2+q,p′2+q′T2(E −
p21
2m − (p2+q)
2
4m − i0+)〈p′1,p′2; q′|
+
1
L2d
∑
p1,p2,q
∑
p′1,p
′
2,q
′
|p1,p2; q〉2δp1+p2+q,p′1+p′2+q′T2(E −
p21
2m − (p2+q)
2
4m − i0+)
× T˜3(E − i0+,p1 + p2 + q;p1,p′1)T2(E − p
′2
1
2m − (p
′
2+q
′)2
4m − i0+)〈p′1,p′2; q′|, (A9)
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the Boltzmann operator is found to be
e−βHˆ↑↑↓ =
∑
p1,p2,q
|p1,p2; q〉e−β
p21+p
2
2+q
2
2m 〈p1,p2; q|
+
1
Ld
∑
p1,p2,q
∑
p′1,p
′
2,q
′
|p1,p2; q〉2δp1p′1δp2+q,p′2+q′〈p′1,p′2; q′|
×
∫ ∞
−∞
dE
pi
e−βE Im
[
T2(E − p
2
1
2m − (p2+q)
2
4m − i0+)
(E − p21+p22+q22m − i0+)(E −
p′21 +p
′2
2 +q
′2
2m − i0+)
]
+
1
L2d
∑
p1,p2,q
∑
p′1,p
′
2,q
′
|p1,p2; q〉2δp1+p2+q,p′1+p′2+q′〈p′1,p′2; q′|
×
∫ ∞
−∞
dE
pi
e−βE Im
[
T2(E − p
2
1
2m − (p2+q)
2
4m − i0+)T˜3(E − i0+,p1 + p2 + q;p1,p′1)T2(E − p
′2
1
2m − (p
′
2+q
′)2
4m − i0+)
(E − p21+p22+q22m − i0+)(E −
p′21 +p
′2
2 +q
′2
2m − i0+)
]
.
(A10)
Here an infinite series,
T˜3(E − i0+,K;p1,p′1) ≡
−1
E − p21+p′21 +(K−p1−p′1)22m − i0+
+
1
Ld
∑
p′′1
−1
E − p21+p′′21 +(K−p1−p′′1 )22m − i0+
T2(E − p
′′2
1
2m − (K−p
′′
1 )
2
4m − i0+)
−1
E − p′′21 +p′21 +(K−p′′1−p′1)22m − i0+
+ · · · ,
(A11)
is the three-body scattering T -matrix between atom and dimer from incoming (p1,K − p1) to outgoing (p′1,K − p′1)
momenta and solves the integral equation of [41, 42]
T˜3(E − i0+,K;p1,p′1)
= − 1
E − p21+p′21 +(K−p1−p′1)22m − i0+
− 1
Ld
∑
p′′1
T2(E − p
′′2
1
2m − (K−p
′′
1 )
2
4m − i0+)
E − p21+p′′21 +(K−p1−p′′1 )22m − i0+
T˜3(E − i0+,K;p′′1 ,p′1). (A12)
With the use of the above Boltzmann operator valid for any complex β as well as the identity of Eq. (37), we obtain
tr↑↑↓[e−βHˆ↑↑↓+iHˆ↑↑↓tCˆ↑↑↓e−iHˆ↑↑↓tCˆ↑↑↓]
=
∑
K,k
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε+iεt−iε
′t Im
[
m2T2(ε− 3k24m − i0+)
]
Im
[
m2T2(ε′ − 3k24m − i0+)
]
+
1
Ld
∑
K,k
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε+iεt−iε
′t Im
[
m2T2(ε− 3k24m − i0+)
]
× Im
[
m2T2(ε′ − 3k24m − i0+)T˜3(ε′ + K
2
6m − i0+,K; K3 + k, K3 + k)T2(ε′ − 3k
2
4m − i0+)
]
+
1
Ld
∑
K,k
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε+iεt−iε
′t Im
[
m2T2(ε′ − 3k24m − i0+)
]
× Im
[
m2T2(ε− 3k24m − i0+)T˜3(ε+ K
2
6m − i0+,K; K3 + k, K3 + k)T2(ε− 3k
2
4m − i0+)
]
+
1
L2d
∑
K,k,k′
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε+iεt−iε
′t
× Im
[
m2T2(ε− 3k24m − i0+)T˜3(ε+ K
2
6m − i0+,K; K3 + k, K3 + k′)T2(ε− 3k
′2
4m − i0+)
]
× Im
[
m2T2(ε′ − 3k′24m − i0+)T˜3(ε′ + K
2
6m − i0+,K; K3 + k′, K3 + k)T2(ε′ − 3k
2
4m − i0+)
]
, (A13)
where K = p1 + p2 + q and k
(′) = p(′)1 −K/3 are the center-of-mass and relative momenta, respectively, and the
integration variables are changed to ε(′) = E(′) − K2/6m. We also note that T3(ε − i0+;k,k′) ≡ T˜3(ε + K26m −
14
i0+,K; K3 +k,
K
3 +k
′) is the three-body scattering T -matrix in the center-of-mass frame and is actually independent
of K. Consequently, the contact–contact response function at O(z3) is found to be
χ
(3)
CC(ω) = −
2
Ld
∑
K,k
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε − e−βε′
ω + ε− ε′ + i0+ Im
[
m2T2(ε− 3k24m − i0+)
]
Im
[
m2T2(ε′ − 3k24m − i0+)
]
− 2
L2d
∑
K,k
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε − e−βε′
ω + ε− ε′ + i0+ Im
[
m2T2(ε− 3k24m − i0+)
]
× Im
[
m2T2(ε′ − 3k24m − i0+)T3(ε′ − i0+;k,k)T2(ε′ − 3k
2
4m − i0+)
]
− 2
L2d
∑
K,k
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε − e−βε′
ω + ε− ε′ + i0+ Im
[
m2T2(ε′ − 3k24m − i0+)
]
× Im
[
m2T2(ε− 3k24m − i0+)T3(ε− i0+;k,k)T2(ε− 3k
2
4m − i0+)
]
− 2
L3d
∑
K,k,k′
e−β
K2
6m
∫ ∞
−∞
dε
pi
∫ ∞
−∞
dε′
pi
e−βε − e−βε′
ω + ε− ε′ + i0+
× Im
[
m2T2(ε− 3k24m − i0+)T3(ε− i0+;k,k′)T2(ε− 3k
′2
4m − i0+)
]
× Im
[
m2T2(ε′ − 3k′24m − i0+)T3(ε′ − i0+;k′,k)T2(ε′ − 3k
2
4m − i0+)
]
, (A14)
where the overall factor of 2 accounts for the existence of two interacting subsectors and the first term corresponds
to the disconnected diagram, the second and third terms correspond to the self-energy diagrams, and the last term
corresponds to the Aslamazov–Larkin diagram. Finally, by combining Eq. (39), taking the thermodynamic limit, and
performing the resulting momentum integrations, we find that the bulk viscosity spectral function is provided by
ζ(ω) =
1
(dΩd−1mad−2)2 ω
Im
[
z2
Z
χ
(2)
CC(ω) +
z3
Z
χ
(3)
CC(ω) +O(z
4)
]
(A15)
=
2d/2z2
(dΩd−1ad−2)2λdT
1− e−ω/T
ω
∫ ∞
−∞
dε
pi
e−ε/T Im[mT2(ε− i0+)] Im[mT2(ε+ ω − i0+)]
+
2 · 3d/2z3
(dΩd−1ad−2)2λdT
1− e−ω/T
ω
∫
dk
(2pi)d
∫ ∞
−∞
dε
pi
e−ε/T Im
[
mT2(ε− 3k24m − i0+)
]
× Im
[
mT2(ε+ ω − 3k24m − i0+)T3(ε+ ω − i0+;k,k)T2(ε+ ω − 3k
2
4m − i0+)
]
+
2 · 3d/2z3
(dΩd−1ad−2)2λdT
1− e−ω/T
ω
∫
dk
(2pi)d
∫ ∞
−∞
dε
pi
e−ε/T Im
[
mT2(ε+ ω − 3k24m − i0+)
]
× Im
[
mT2(ε− 3k24m − i0+)T3(ε− i0+;k,k)T2(ε− 3k
2
4m − i0+)
]
+
2 · 3d/2z3
(dΩd−1ad−2)2λdT
1− e−ω/T
ω
∫
dk
(2pi)d
∫
dk′
(2pi)d
∫ ∞
−∞
dε
pi
e−ε/T
× Im
[
mT2(ε− 3k24m − i0+)T3(ε− i0+;k,k′)T2(ε− 3k
′2
4m − i0+)
]
× Im
[
mT2(ε+ ω − 3k′24m − i0+)T3(ε+ ω − i0+;k′,k)T2(ε+ ω − 3k
2
4m − i0+)
]
+O(z4), (A16)
where the three-body scattering T -matrix in the center-of-mass frame solves the integral equation of
T3(ε− i0+;k,k′) = − 1
ε− k2+k′2+k·k′m − i0+
−
∫
dk′′
(2pi)d
T2(ε− 3k′′24m − i0+)
ε− k2+k′′2+k·k′′m − i0+
T3(ε− i0+;k′′,k′). (A17)
The higher order correction at O(z3) may be useful to better understand the static bulk viscosity in the Kubo
15
formalism, which is to be investigated in a future study.
[1] T. Scha¨fer and D. Teaney, “Nearly perfect fluidity: from cold atomic gases to hot quark gluon plasmas,” Rep. Prog. Phys.
72, 126001 (2009).
[2] A. Adams, L. D. Carr, T. Scha¨fer, P. Steinberg, and J. E. Thomas, “Strongly correlated quantum fluids: ultracold quantum
gases, quantum chromodynamic plasmas and holographic duality,” New J. Phys. 14, 115009 (2012).
[3] P. K. Kovtun, D. T. Son, and A. O. Starinets, “Viscosity in strongly interacting quantum field theories from black hole
physics,” Phys. Rev. Lett. 94, 111601 (2005).
[4] M. Brigante, H. Liu, R. C. Myers, S. Shenker, and S. Yaida, “Viscosity bound violation in higher derivative gravity,” Phys.
Rev. D 77, 126006 (2008).
[5] M. Brigante, H. Liu, R. C. Myers, S. Shenker, and S. Yaida, “Viscosity bound and causality violation,” Phys. Rev. Lett.
100, 191601 (2008).
[6] Y. Kats and P. Petrov, “Effect of curvature squared corrections in AdS on the viscosity of the dual gauge theory,” J. High
Energy Phys. 01 (2009) 044.
[7] A. Buchel, R. C. Myers, and A. Sinha, “Beyond η/s = 1/4pi,” J. High Eenergy Phys. 03 (2009) 084.
[8] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, “Feshbach resonances in ultracold gases,” Rev. Mod. Phys. 82, 1225-1286
(2010).
[9] C. Cao, E. Elliott, J. Joseph, H. Wu, J. Petricka, T. Scha¨fer, and J. E. Thomas, “Universal quantum viscosity in a unitary
Fermi gas,” Science 331,58-61 (2011).
[10] C. Cao, E. Elliott, H. Wu, and J. E. Thomas, “Searching for perfect fluids: quantum viscosity in a universal Fermi gas,”
New J. Phys. 13, 075007 (2011).
[11] E. Elliott, J. A. Joseph, and J. E. Thomas, “Anomalous minimum in the shear viscosity of a Fermi gas,” Phys. Rev. Lett.
113, 020406 (2014).
[12] D. T. Son, “Vanishing bulk viscosities and conformal invariance of the unitary Fermi gas,” Phys. Rev. Lett. 98, 020604
(2007).
[13] E. Elliott, J. A. Joseph, and J. E. Thomas, “Observation of conformal symmetry breaking and scale invariance in expanding
Fermi gases,” Phys. Rev. Lett. 112, 040405 (2014).
[14] E. Vogt, M. Feld, B. Fro¨hlich, D. Pertot, M. Koschorreck, and M. Ko¨hl, “Scale invariance and viscosity of a two-dimensional
Fermi gas,” Phys. Rev. Lett. 108, 070404 (2012).
[15] E. Taylor and M. Randeria, “Viscosity of strongly interacting quantum fluids: Spectral functions and sum rules,” Phys.
Rev. A 81, 053610 (2010).
[16] T. Enss, R. Haussmann, and W. Zwerger, “Viscosity and scale invariance in the unitary Fermi gas,” Ann. Phys. 326,
770-796 (2011).
[17] J. Hofmann, “Current response, structure factor and hydrodynamic quantities of a two- and three-dimensional Fermi gas
from the operator-product expansion,” Phys. Rev. A 84, 043603 (2011).
[18] W. D. Goldberger and Z. U. Khandker, “Viscosity sum rules at large scattering lengths,” Phys. Rev. A 85, 013624 (2012).
[19] E. Taylor and M. Randeria, “Apparent low-energy scale invariance in two-dimensional Fermi gases,” Phys. Rev. Lett. 109,
135301 (2012).
[20] P. Massignan, G. M. Bruun, and H. Smith, “Viscous relaxation and collective oscillations in a trapped Fermi gas near the
unitarity limit,” Phys. Rev. A 71, 033607 (2005).
[21] G. M. Bruun and H. Smith, “Viscosity and thermal relaxation for a resonantly interacting Fermi gas,” Phys. Rev. A 72,
043605 (2005).
[22] G. M. Bruun, “Shear viscosity and spin-diffusion coefficient of a two-dimensional Fermi gas,” Phys. Rev. A 85, 013636
(2012).
[23] T. Scha¨fer, “Shear viscosity and damping of collective modes in a two-dimensional Fermi gas,” Phys. Rev. A 85, 033623
(2012).
[24] K. Dusling and T. Scha¨fer, “Bulk Viscosity and Conformal Symmetry Breaking in the Dilute Fermi Gas near Unitarity,”
Phys. Rev. Lett. 111, 120603 (2013).
[25] C. Chafin and T. Scha¨fer, “Scale breaking and fluid dynamics in a dilute two-dimensional Fermi gas,” Phys. Rev. A 88,
043636 (2013).
[26] W. Zwerger (ed.), The BCS-BEC Crossover and the Unitary Fermi Gas, Lecture Notes in Physics 836 (Springer, Berlin,
Heidelberg, 2012).
[27] X.-J. Liu, “Virial expansion for a strongly correlated Fermi system and its application to ultracold atomic Fermi gases,”
Phys. Rept. 524, 37-83 (2013).
[28] K. Fujii and Y. Nishida, “Hydrodynamics with spacetime-dependent scattering length,” Phys. Rev. A 98, 063634 (2018).
[29] S. Tan, “Energetics of a strongly correlated Fermi gas,” Ann. Phys. (N.Y.) 323, 2952-2970 (2008).
[30] S. Tan, “Large momentum part of a strongly correlated Fermi gas,” Ann. Phys. (N.Y.) 323, 2971-2986 (2008).
[31] S. Tan, “Generalized virial theorem and pressure relation for a strongly correlated Fermi gas,” Ann. Phys. (N.Y.) 323,
2987-2990 (2008).
[32] T.-L. Ho and E. J. Mueller, “High temperature expansion applied to fermions near Feshbach resonance,” Phys. Rev. Lett.
16
92, 160404 (2004).
[33] Z. Yu, G. M. Bruun, and G. Baym, “Short-range correlations and entropy in ultracold-atom Fermi gases,” Phys. Rev. A
80, 023615 (2009).
[34] E. Braaten and L. Platter, “Exact relations for a strongly interacting Fermi gas from the operator product expansion,”
Phys. Rev. Lett. 100, 205301 (2008).
[35] M. Barth and W. Zwerger, “Tan relations in one dimension,” Ann. Phys. 326, 2544-2565 (2011).
[36] J. Hofmann, “Quantum anomaly, universal relations, and breathing mode of a two-dimensional Fermi gas,” Phys. Rev.
Lett. 108, 185303 (2012).
[37] M. Martinez and T. Scha¨fer, “Hydrodynamic tails and a fluctuation bound on the bulk viscosity,” Phys. Rev. A 96, 063607
(2017).
[38] W. Go¨tze and P. Wo¨lfle, “Homogeneous dynamical conductivity of simple metals,” Phys. Rev. B 6, 1226-1238 (1972).
[39] T. Enss, “Dynamical viscosity, contact correlations and pairing in attractive Fermi gases,” arXiv:1904.12772 [cond-
mat.quant-gas].
[40] J. Hofmann, “High-temperature expansion of the viscosity in interacting quantum gases,” arXiv:1905.05133 [cond-
mat.quant-gas].
[41] E. Braaten and H.-W. Hammer, “Universality in few-body systems with large scattering length,” Phys. Rep. 428, 259-390
(2006).
[42] M. Barth and J. Hofmann, “Efimov correlations in strongly interacting Bose gases,” Phys. Rev. A 92, 062716 (2015).
